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{ k6\W� T xa0�.~=X�<;:*�4J2a= T 8@*w4J2-IJ.J*-8:x�,}23k j
�
T �CT o:2�*B4J2�IJ.m*�8:x�,h2w9<d<,h2-8:x`.10

9
I1n�*-8:o|> T o�.10

3
I1n T 8<.D9�2 T xa0�.?=X�<;:*�4J2a=-k
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�� ��� ����� ����������� ��� � �K�������	��"!�	#� �	$'�������
%'&(�)�G���*���+�����,� $-� �/.�$ ��� �*��� �������0�?	1�"��	�
�������32

Z�032�.m*�A<,}2L.D9".1032+4 T xa0�.c=�039�>@=p*-,P,f.1032
gR9C=7= T AC,h2�= T o32�,}2a8:x`.10C=�d�9C4w*E=X�<;:*�4J2�*�8:o�.1032
I19C4J4J2-=7gR9C8:o T 8:x]*-4J2-*B9<d�.1032�=��C;:*-4J2:kyU�d�>r2z;:=�2
� � 2

1×1
=��C;:*-4J2-=�Q�9C8:2

2×2
=X�<;:*�4J2�*-8:o|.b>r9

3×3
=��C;:*-4J2-=�Q�>r2B0C* � 2�*].D9�.m*-,�*-4J2-*w9<d

27
\h*�=

o:932a=|.1032E4J2-IJ.J*-8:x�,}2`j�*-8:o�>r2E0C* � 2L21u-*�IJ.J, [
8=X�<;:*�4J2a=-k

� T o:2�,h2-8:x`.10
1 2 3e?4J2-*
1 4 9
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� k�\���8:2 �2�.D9C8383*-8<.D2�o T =1.D4 T A<;C. T 9C8~k jz��8:2�o T =1.D4 T A<;C. T 9C8�=1.m*a. T =1. T �C;R2�2a=1.wID9CnEg:9C= �2-2
o:2

10
8:9CnLAC4J2-=r83*a.J;:4J2 ,h= �

x1
Q
x2

Q
x3

Q
x4

Q
x5

Q
y1

Q
y2

Q
y3

Q
y4

Q
y5

k]±-9C4m=X�<; � T ,h=
=X9C8<.6g3,{*�I��2a=z2-8�9C4JoC4J2�I14J9 T =7=�*-8<.XQ�I12a=?8:9CnLAC4J2-=?8:9<;:=]o39C838:2-8<.f2-8cd}* T .�,h*�o T =D.D4 T AC;Rq
. T 9C8G=7; T � *�8<.J2 �

x1
Q
x2

Q
x3

Q
x4

Q
x5

Q
y5

Q
y4

Q
y3

Q
y2

Q
y1

ky¡|9<;:=�* � 9C83=�g3,P;:= T 2a;:4m=
T 8Cd�9C4JnE* . T 9C83=\�
\WK`jG±-2-=@I19<;:gC,}2a=

(x1, y1)
Q
(x2, y2)

Q
(x3, y3)

Q
(x4, y4)

2�.
(x5, y5)

Q�=X9C8<.B.D9<;:=
=7;:4y,h*roC4J9 T .J2

d
o � �2��<;:*a. T 9C8

y = −2x + 24
k

\W�`jG±a*@nL9a[C2-838:2ro32rID2 .m.J2ro T =D.D4 T AC;C. T 9C8E2-=D.
9, 4

k
\W�`jG±a*@n$�2-o T *�8:2@2 .f,h2@nE93o:2@9C8<.y.J9<;:=Bo32a;�u@,h*@n��2-nE2 � *a,}2 ;:4�k
\{³-jG±-2-=]8:9CnEA34J2a=

x3
2 .

x4
=�9C8<.zI19C83= �2�ID;C. T d}=-k

\W�`jG±-2�g:4J2an T 2-4?nE2-nEA34J2ro32�,{*ro T =1.D4 T A<;C. T 9C8 � *a;C.
1
k

\�M�jG±a*EoC4J9 T .J2
d
I14J9 T =X2c,h*�g:*-4m*�A39<,}2�o � �2-�C;:* . T 9C8

y = 1
2
x2 + 8x − 8

*-;GgR9 T 8<.
(x2, y2)

k
Z:4J9<; � 2-4�,h2-= � *-,h2a;:4m=�o:2c,h*�o T =1.D4 T A<;C. T 9C8G9C4 T x T 83*-,h2

x1
Q
x2

Q
x3

Q
x4

Q
x5

Q
y1

Q
y2

Q
y3

Q
y4

Q
y5

k3�a;Rxaxa2a=1. T 9C8��3±a*�n$�2-o T *�8:2�2-=D.6,}2|8:9CnLAC4J2|.J2a,:�C;R2
50 4 o:2a=]93AC=X2a41q

� *a. T 9C83=f=�9C8<.�gC,{;:=ygR2�. T .J2-=f9<; �2�x *a,}2a=��*�ID2w8:9CnEA34J2|2�.
50 4 =1;:g��2a4 T 2a;:4J2a=?9<; �2�x *a,}2a=-k

±-2@nE93o:2@2-=D.f,{* � *a,}2 ;:4z�<; T 2a=1.z93AC=X2a4 � �2-2�,}2�g3,P;:=�=�9<; � 2-8<.�k
����	�
������������������	�	��5�����6����7(8���:9;� $N	��<$68���=���;���K
�$`k

�e	IJ*-;:=�2"o:2"\W�`j1Q
x1 = 1

kw <*�4p\�K�jDQf,}2"ID9<;:g3,h2
(x1, y1)

2a=1.c=7;:4r,{*�o34J9 T .D2
d

o � �2��<;:*a. T 9C8
y = −2x + 24

2 .�8:9<;:=�.D4J9<; � 9C83=
y1 = 22

kfU�,f=1; � .�o � ;C. T , T =�2-4
\�M�jwg:9<;:4w.D4J9<; � 2-4|,}2EgR9 T 8<.

(x2, y2)
k?�<8H2 � 2�.XQ~8:9<;:=r* � 9C83=�,}2a=co32a;�u �2-�C;:* . T 9C83=

y2 = −1
2
x2

2 + 8x2 − 8
2 .

y2 = −2x2 + 24
k�U�,�[�*Eo32a;�u�=X9<,P;C. T 9C83=wgR9C=7= T AC,h2-=

gR9<;:4
x2

QR=X9 T .
x2 = 16

2 .
x2 = 4

k6±a*p=X9<,P;C. T 9C8
x2 = 16

2a=1.��*p4J2`£W2 .J2-4BIJ*�4B2 ,{,h2
o:9C838:2

y2 = −8
Q ID2]�C; T 8 � 2a=1.�g:*-=~*�oCn T =-k-U�,-4J2a=1.J2

x2 = 4
2 .

y2 = −8+24 = 16
k

��9 T .
m

,{*�n$�2-o T *�8:23k��<,P,}2�o39 T . �2 .D4J2��2�x *a,}2]*a;@nL93o32CQ�g:*-4~\���jDQ-ID2��C; T�T nEgC, T �C;R2
�C;R2

m
2-=D.R;:8|8:9CnLAC4J2]o:2f,h*]o T =D.D4 T AC;C. T 9C8~k-�C8B.J2-83*-8<.�ID9CnEg<.D2zo:2f, � 9C4Jo34J2]I14J9 T =�=7*�8<.

o:2a=�8:9CnEA34J2a=
x1

Q
x2

Q
x3

Q
x4

Q
x5

Q
y5

Q
y4

Q
y3

Q
y2

Q
y1

Q 9C8�93A<. T 2-8<.
m = 1

2
(x5+y5)

k
� T

x5 < y5
QR9C8L*

x5 < m < y5
k~FH* T =wID2c8 � 2-=D.�g3*�=BgR9C=7= T AC,h2rg:*-4JI12p�<; � T ,�8 � [L*

g:*-=]o:2�8:9CnLAC4J2-=]o:2|,{*@o T =1.D4 T A<;C. T 9C8�2-8<.D4J2
x5

2 .
y5

k-e T 83= T
x5 = y5

kR�<8p;C. T , T =7*�8<.
\WK`j1Q39C8E93A<. T 2-8<.

x5 = −2x5 + 24
Q3o � 9"�;

x5 = 8
2�.zo:9C8:I

y5 = 8
k
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�e�I12�=D.J*�o:2<Q�8:9�.D4J2�o T =1.D4 T A<;C. T 9C8+= � �2-I14 T .
1
Q
4
Q
x3

Q
x4

Q
8
Q
22

Q
16

Q
y3

Q
y4

Q
8
k

±a*rnE9-[C2a838:2ro:2�,h*ro T =D.D4 T AC;C. T 9C8E2-=D.
x1 + x2 + x3 + x4 + x5 + y5 + y4 + y3 + y2 + y1

10

=
1 + 4 + x3 + x4 + 8 + 8 + (−2x4 + 24) + (−2x3 + 24) + 16 + 22

10

=
107 − x3 − x4

10

k
�C8�.J2-83*-8<.�I19Cn�gC.J2wo32-=�d}* T .J=6�C;R2�,{*BnE9-[C2a838:2w2-=D.

9, 4
2 .

x4 = x3+1
Q-9C8r93A�. T 2a8<.

−2x3 +106 = 94
�-* T 83= T Q

x3 = 6
2 .

x4 = 7
k<�]8�o �2�o<; T .6�:83*-,h2-nE2-8<.6,h2-= � *-,h2a;:4m=

y3 = 12
2�.

y4 = 10
k~±a*ro T =D.D4 T AC;C. T 9C8E9C4 T x T 83*a,}2@2a=1.zo39C8:I

1
Q
4
Q
6
Q
7
Q
8
Q
22

Q
16

Q
12

Q
10

Q
8
k

~ k�\m±a*EA32a,P,}2�=�9CnEnE2�o32�´ T ,}A32-4b.�k j]��9C83= T o �2-4J9C83=w,}2a=
6
d}* �I79C83=�gR9C=7= T AC,h2-=�o32�gR2a41q

n�;C.J2-4]\�I � 2-=D.1q%�*�q�o T 4J2rn$�2 ,h*-8:xa2-4�jy,h2-=BI70 T � 4J2-=wo<;�8:9CnLAC4J2
123

2�.]*�o:o T . T 9C838:9C83=�,}2
.D9<;C.�k�±a*�=�9CnEnE2w.D4J9<; � �2�2|= � �2�I14 T .

123 + 132 +213 +231 + 312 +321 = 1332
k

�z;R2a,�4 �2-=1;3,P.m*a.c*a;:4 T 9C83=Xq18:9<;:=E93A�.D2a8C;�= T 8:9<;:=�* �CT 9C83=�d}* T .r,{*"=�9CnEnE2"o32-=
5040

d}* �I79C83=Bo:2�gR2a4Dn�;C.D2a4f,}2a=�I70 T � 4J2-=�oC;E8:9CnLAC4J2
1234567 �

����	�
������������������	�	���k
�
*�83=�,h2-=

5040
gR2a4Dn�;C.J* . T 9C83=�Q~I70C*��<;R2LI70 T�� 4J2<Q�g:*-4Dn T

1
Q
2
Q
3
Q
4
Q
5
Q
6
Q
7
Q

*�g3g:*-4m* � �/.
5040/7 = 720

d�9 T =�ID9CnEnE2p;:8 T . �2<QR,}2pn��2anL2p8:9CnLAC4J2�o:2pd�9 T =�I19Cn�nL2
o T ¢1* T 8:2CQ3ID9CnEnE2rID2-8<.m* T 8:2CQ32�.DI k�±-2|.D9�.m*-,�2a=1.?o:9C8:I

720 · (1 + 2 + 3 + 4 + 5 + 6 + 7)

·(1 + 10 + 100 + 1000 + 10000 + 100000 + 1000000)

= 720 × 28 × 1111111 = 22399997760
k

� k<\m±-2 � 9a[<*�xa2 �* �z;"�2�A32�I k jR51;3, T 2�.m.D2|2 .] R0 T , T g3gR2wg:*-4m.J2-8<.y2-8cn��2anL2B.J2-n�g:=?2 .6g:*-41q
I19<;:4J2a8<.c,}2a=

250
Y�n �C; T = �2-g3*�4J2a8<.LF_9C8<.D4 �2-*a,Bo32 �z;"�2�A32�I�o3*-83=Eo32a;�u � 9 T .J;:4J2-=

T o32-8<. T �C;R2a=-kz R0 T , T g:g:2Eg:*-4JI19<;:4b.|,h*Eg:4J2an T �2-4J2EnL9 T . T �2EoC;.D4m*�£W2 . �*
80

Y�n���0"2�.w,h*
=X2-I19C8:o32|nE9 T . T �2&�*

120
Y�n���0�kC�C8rd}* T .XQ T ,C*-4D4 T/� 2|2-8rn��2anL2�.J2-n�g:=?�C;R2]51;3, T 2�.m.D2|�<; T

*+4J9<;3,!�2�.D9<;C.|,}2E,h9C8:x$�* �<T .J2-=7=X2LI19C83=D.J*-8<.D23k]±a*+I19C83=�9CnEn�*a. T 9C8�o � 2-=7=X2a8:I12�o:2�I12
.�[CgR2ro32 � 9 T .J;:4J2ro �2agR2a8:oEo:2�,{* �CT .D2a=�=�2@oC; � �2-0 T ID;3,h2:k���,{,h2@2-=D.zo39C838��2�2@g3*�4f,{*�d�9C41q
n�;3,h2

c = 10+
v

20

Q�9"�;
v
2-=D.�,{* �<T .J2-=7=X2w2-8pY�n���0c2�.

c
,{*�I19C83=�9CnEn�*a. T 9C8c2-8r, T .D4J2a=

g:*-4
100

Y�nk6�-*�I70C*�8<.��C;R2LI12p£W9<;:4Dq1,!�*3Q�,h2�, T .D4J2Lo � 2a=�=�2-8:ID2 � *-;C.��CQ/�����CQ~I19CnEA T 2-8
9C8<.1q T ,�o �2agR2a83= �2r2a83=X2anLA<,}2�gR9<;:4y,}2 � 9-[<*�xa2 �
����	�
������������������	�	���k

±-2-=yI19C83=�9CnEn�*a. T 9C83=64J2-=7gR2-IJ. T/� 2a=fo:2@ R0 T , T g:g:2wo<;:4m*�8<.6I70C*�ID;:8:2|o32-=6nL9 T . T �2a=
=X9C8<.

c1 = 10+ 80
20

= 14
2�.

c2 = 10+ 120
20

= 16
\}2-8�, T .D4J2-=�g:*-4

100
Y�ncj�k-��9Cn�nL2

T ,�g:*-4JI19<;:4b.BoC;:4m*-8<.BI70C*�ID;:8:2po:2a=wnL9 T . T �2a=
125

Y�nGQ:=�*pI19C83=�9CnEn�*a. T 9C8�.D9�.m*-,h2c2-=D.
1, 25(c1 + c2) = 1, 25 × 30

kw 3; T =X�<; � ;:8_, T .D4J2 � *-;C.
0, 80

�CQ6,}2GI19 �;C.�.D9�.m*-,]o:2
 R0 T , T g3gR2@2-=D.

0, 80 × 1, 25 × 30 = 30
�:k
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��*a,}ID;3,h9C83=rnE* T 8<.J2-83*-8<.�,}2LI19 �;C.w.D9�.m*-,?o32�51;3, T 2 .m.J2:kfU�,yd}*-;C.�o:9C8:I �2�.J*�AC, T 4�=7*
�CT .D2a=�=�2:k���9CnEnE2p2 ,{,h2c*pg3*�4JID9<;:4J;�,h2@.D4m*�£W2 .�o3*-83=B,}2rn��2anL2@.J2-n�g:=|�<;R2L R0 T , T g3gR2<Q
=�* �<T .J2-=7=X2+2-=D.��2-x *-,h2 �*+,h* �<T .J2-=7=X2�nL9a[C2-838:2Go:2H R0 T , T g3gR23k?��9C8<.D4m* T 4J2-nE2-8<. �*I12
�C; � 9C8"gR9<;:4J4m* T .�I14J9 T 4J2CQ�,{* �<T .J2-=7=X2�nE9-[C2a838:2L=1;:4w, � 2a83=X2anLA<,}2Lo<;�g3*�4JID9<;:4m=r8 � 2-=D.
g:*-=&�2�x *a,}2 �*@,h*rnE9-[C2a838:2po32-= �CT .D2a=�=�2-=]=7;:4f,}2@g:*-4JI19<;:4m=ak�±a* �<T .J2-=7=X2@nE9-[C2a838:2c2-=D.
o:9C838 �2-2wg:*-4
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28

r r s

µC[ *�g3g3, [ T 8:x�.1032 Z�032�9C4J2an 9<d� <[�.10C*�xa9C4m*-=�.D9 4QPO
Q�>r2 93A<.m* T 8

r2 = 122 + 142 = 340
k_\h)G2+ID9<;3,}o�* .|.10 T =c=D.J*�xa2+IJ*-,hID;3,h* .D2

r
T .J=�2a,PdbQfAC;C.@*-=

T .y.J;:4J83=B9<;C.XQ�>r2w>r9C8 � .?8:2-2�oc.D9�k j
¡|21u-.XQw>r2H,}9393YV* . 4OV U

k¶Z�0 T =�.D4 T *-8:x�,}2 T =+4 T xa0�.1q1*�8:x�,h2�o�* .
V

> T .10
OU = r

Q
UV = s

Qy*�8:o
OV = OS + SV = 14 + s

k�Z�032-4J2 d�9C4J2CQ?A-[.1032
Z�032-9C4J2-n�9<dy <[�.10C*�xa9C4m*-= Q

OU2 = UV 2 + OV 2 Q
r2 = s2 + (s + 14)2

Q
340 = s2 + s2 + 28s + 196

Q
0 = 2s2 + 28s − 144

Q
0 = s2 + 14s − 72

Q
0 = (s − 4)(s + 18)

�
.10<;:= Q

s = 4
9C4

s = −18
kG)G2L4J2`£W2�IJ.|.1032L=X2-I19C8:o"=�9<,{;C. T 9C8�Q6= T 8:I12

s
n�;:=D.@A:2

gR9C= T . T � 2:k�Z�032-4J2 d�9C4J2CQ�.1032@*-4J2-*r9<d�=��C;:*-4J2
STUV

T =
16

k
�C9C4r*"I19Cn�g3, T IJ*a.J2�o_g:4J93A<,}2anGQf>r2o T o38 � .�0C* � 2+.D9�;:=X2Gn�;RI70_nE*�I70 T 8:2a4W[~k

�zd{.D2a8�Q�.10 T = T =6.1032�IJ*�=�2�¸V*�I19<;:gC,}2�9<dC£};Ro T I T 9<;:=?*�g3g3, T IJ*a. T 9C83=z9<d3.1032c <[�.10C*�xa9C4J2a*�8
Z�032-9C4J2-n'*-8:o|.1032]=X9<,P;C. T 9C8�9<d<*B�<;:*�oC4m*a. T I62-�C;:* . T 9C8@9C4R.b>r9�9<d{.D2a8@o:932a=�.1032z.D4 T I7YRk

�zd6ID9<;:4m=X2<Q:.10 T =wg:4J93A<,}2an&>@*-=|9C4 T x T 83*a,{, [L*pn�;3,P. T g3,h2�I7039 T I12cg34J93AC,h2-n+Q�*-8:o
.1032Bg:4J9Cg:9C=X2a4m=fo:2anL9C83=D.D4m*a.J2�o@*wn�*-, T I T 9<;:=6=1.D4J2a*�Y�A-[@*-=XY T 8:x�^�Z�032B*-4J2-*|9<dC=��C;:*-4J2
STUV

T =?ID,}9C=�2-=D.�.D9Lkak k�ic*�8:opx T/�<T 8:x].1032�I7039 T ID2-=
12

Q
13

Q
14

Q
15

Q�*-8:o
16

k6� T 8:ID2
.1032c*�4J2a*@>@*-=w27u-*�IJ.J,/[

16
\ T 83=D.D2a*�o�9<d?^`ID,h9C=X2<iw.J9

16
jDQ�9C8:2cI19<;3,ho�A32rd�9C4Jx T/� 2a8Ld�9C4

A:2 T 8:xB=X9CnE2�>r0C* .yID9C8:I12a4D8:2-oy¹y\Pey.�.1032|=7*�nE2B. T nL2<Qa.1032c^X8 T ID2-8:2a=�=�i�9<dC.1032w*�83=J>r2-4
n T xa0�.?,h2-*�o�9C8:2�.J9�A:2 , T 2 � 2�.10C* .y.1032@*-83=D>r2a46>@*-=]*�IJ.J;:*a,{, [�I19C4J4J2�IJ.�k j

±-2 . � =�*-g:gC,/[r>r0C*a.6>r2 � � 2�,}2a*�4J8:2�op.J9+ :4J93A<,}2an��3k
����	�
������� ���#·1$ ����	�� ��� ���C9<,P,}9�> T 8:xw9<;:4y=1;Rxaxa2-=D. T 9C83=
*�A39 � 2<Q?,h2 . � =@£W9 T 8

A
*-8:o

B
.J9�gR9 T 8<.J=�9<d?.J*-8:xa2-8:I�[

*�8:o@.J9c2-*�I70c9�.1032-4�Q�*�8:ornE*-41Y T 8c4 T xa0�.6*�8:x�,h2-=�>r032-4J2
>r2LIJ*�8~kpey.�.10 T =�=1.m*�xa2<Q T .m=�,}9393Y�=�, T Y�2c>r2 � 4J2E=D.J;RI7Y�k
µ:;C.r>r2"0C*�o_.1032�0 T 8<.p*�A:9 � 2�9<d�.D4W[ T 8:x+.J9_;:=�2G.1032
 <[<.10C*�xa9C4J2-*-8�Z�032�9C4J2an"k¶Z39�o39�.10C*a.XQB>r2v8:2-2�o�*
4 T xa0�.1q7*-8:x�,}2-o.D4 T *�8:x�,h2:k � 9+[C9<;H=X2-2�9C8:2 � UBo:9C8 � .XQ
=X9c,}2�. � =�AC; T ,}o�9C8:2CQC*-8:o�nE*-41Y T 8�*�d�2`>�,}2a8:x`.10C=z.J939�k
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³3��M

)G032-4J2�o:932a=.10 T =�xa2 .+;:= � � T 4m=1.XQ�>r2�Y�8:9�>
.10C*a.L.1032V,}2a8:x`.10�9<d

AB
T =G.1032�=1;:n 9<dr.1032�4m*�o TPT

9<dB.1032HI T 4JID,h2-=�Qw9C4
r + 1

k�¡w9�>�,}2�. � =�,}9393YH* .c.1032
032 T xa0�.w9<d�.1032c4J2�IJ.m*�8:x�,h2CQ3>r0 T I70 T =

4
kpµR4J2a*�Y T 8:x�.10 T =

T 8<.J9.10C4J2-2�g T 2�ID2-=�Q T .@2��<;:*-,{=
r + PB + 1

�z032a8:I12<Q
r + PB + 1 = 4

9C4
PB = 3 − r

k#\��au-.J2-8:o3q
T 8:x

BP
.D9�.1032�A39�.m.D9Cn	2-o:xa2�9<d<.1032|4J2-IJ.J*-8:x�,}2wn T xa0�.

032a,{g|[C9<;@=X2-2?.10 T =ak jB� T n T ,h*-4J, [�Q ,h9393Y T 8:xz* .�.1032?> T o<.10�Q
r + AP + 1 = 5

Q:9C4
AP = 4 − r
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r

r

1

1

��= T 8:xw.1032� <[�.10C*�xa9C4J2a*�8�Z�032-9C4J2-n+Q

AB2 = AP 2 + PB2 Q
(r + 1)2 = (4 − r)2 + (3 − r)2

Q
r2 + 2r + 1 = r2 − 8r + 16 + r2 − 6r + 9

Q
0 = r2 − 16r + 24

k
��= T 8:xw.1032r�C;:*�o34m* . T I?d�9C4Jn�;3,{*3Q

r =
16 ±

√
162 − 4(1)(24)

2
=

16 ± √
160

2
= 8 ± 2

√
10

k

� T 8:ID2].1032�I T 4JID,h2?> T .10�4m*�o T ;:=
r
T =6I19C8<.m* T 8:2�o T 8|.1032�4J2-IJ.J*-8:x�,}2<Q .1032�4m*�o T ;:=

r
IJ*�838:9�.

2��<;:*-,
8 + 2

√
10

\/>r0 T I70 T =z,{*�4Jxa2a4y.10C*-8
14

j�k6Z�0<;:= Q
r = 8 − 2

√
10

k
��9�.1032=�*-nL2�.W[3g:2-=E9<d T o:2a*�=r>r9C4DY�2�o T 8VA:9�.10_g34J93AC,h2-n�= Qf>r0 T I70 T =�Y T 8:o

9<d68 T ID2:k�Z�032a=X2r.D2-I70C8 T �<;R2-=�*�4J2p4J2a,{*a. T � 2a, [�=1.D4m* T xa0�.Jd�9C4�>@*�4Jo+*-8:oGo:9�8:9�.B4J2-�C; T 4J2
*@,}9�.z9<d�=X9Cg:0 T =D. T IJ*a.J2�o�n�*a.1032anE* . T IJ*-,�Y�8:9�>�,}2-o:xa23kyZ�032X[Eo:9�9<d{.D2a8E4J2-�C; T 4J2r=X9CnE2
T 83= T xa0�.~\}*-= T 8�.1032BID9C83=1.D4m;RIJ. T 9C8@9<d�.1032�4 T xa0�.1q7*-8:x�,}2-o|.D4 T *�8:x�,h2 T 8|.1032�=X2-I19C8:o�g:4J93A3q
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)G2�> T ,{,R=X039�>�.10C* .
[ABC] = 1

2
d2 sin α\�032a4J2r*-8:o T 8c>r0C*a.fd�9<,P,}9�>@=�Q

[·] o32-8:9�.J2-=]*�4J2a* j7k±-2 .
a = AB = BC = AD + CD

*-8:o
θ = ∠ABC

k�Z�032-8

[ABCD]

= [DAB] + [DCB]

= 1
2
AB · AD sin α + 1

2
BC · CD sin α

= 1
2
a(AD + CD) sin α = 1

2
a2 sin α
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A

B

C

D

d

a a

θ

*�8:o

[ABCD] = [ABC] + [ADC] = 1
2
AB · BC sin θ + 1

2
AD · CD sin θ

= 1
2

(
a2 + AD · CD

)
sin θ
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Z�0<;:=�Q
a2 sin α =

(
a2 + AD · CD

)
sin θ

k \WK`j
µC[p.1032�±a* >'9<d���9C= T 8:2a= Q

d2 = AB2 + BC2 − 2AB · BC cos θ = 2a2(1 − cos θ)
�

.10C*a. T = Q
2(1 − cos θ) = d2/a2 k�ef,{=X9�Q

d2 = AD2 + CD2 + 2AD · CD cos θ

= (AD + CD)2 − 2AD · CD(1 − cos θ) = a2 − AD · CD
(
d2/a2

) Q
>r0 T I70 T n�g3, T 2a=].10C* .

a2 + AD · CD = a4/d2 k]��= T 8:x�.10 T =B4J2a=7;3,/. T 8L\WK`j1Q<>r2cxa2�.
a2 sin α =

(
a4/d2

)
sin θ

��.10C* . T =�Q
d2 sin α = a2 sin θ

k
� T 83*-,P,/[�Q

[ABC] = 1
2
AB · BC sin θ = 1

2
a2 sin θ = 1

2
d2 sin α

k
���6� 2 ��)G0C*a. T =?.1032@*-83=D>r2a4 T dR.1032r�<;:*�oC4 T ,h* .D2a4m*-, T =]8:9C8:q7I19C8 � 21u � �

¡|21u-.�>r2�,}9393Y@* .?=�9<,{;C. T 9C83=?d}4J9Cn�9<;:4f4J2a*�o32-4m=?.J9�g34J93AC,h2-n�=�9<d���* .D2-xa9C4W[E��Q
µ�2a,{*�4m;:=�FH* .1032-n�*a. T ID*a,��z,/[CnEg T *�oL�-�����CQR� T 83*-,�?�9<;:8:o�Q3x T/� 2a8E* . �m������M �a³:�-S��<k
� k

(
��2(�7�0$ � �����

)
\h* j�Z�032a4J2"*�4J2

k ≥ 3
gR9C= T . T � 2 T 8<.J2�xa2a4m=E=1;RI70H.10C*a.p8:9H.b>r9

9<d?.1032-n *-4J2GID9Cg:4 T nE2E>r0 T ,}2�*�8�[.10C4J2�2G9<d?.1032an *-4J2GID9Cg:4 T nE2:k
�
2 .J2-4Jn T 8:2+*-,P,

gR9C=7= T AC,h2 � *-,P;R2-=�9<d
k
k

\�A�j
�
932-=@.1032-4J2G27u T =D.@*�8 T 8C�:8 T .J2G=�2 .r9<d]gR9C= T . T � 2 T 8<.D2-xa2-4m=p=�* . T =1dP[ T 8:xE.1032

=�*-nL2@I19C8:o T . T 9C8 �
����	�
������� � �r·��� $ $)�g¸ ��$��6��¹����'�=��� ���"�0�����6� � 
��?� �$���5� ��$-���+�)��2

\}*�j�Z�0 T = T =]g:9C=�= T A<,}2�d�9C4?2-*�I70
k ≥ 3

k
±-2 .

p1
Q
p2

Q
. . .

Q
pn

Q
. . .

A:2|.1032�=�2��<;R2-8:ID2@9<d�g:4 T nE2-=�Q T 8 T 8:I14J2-*-= T 8:x�9C4Jo32-4`k
±-2 .

k ≥ 3
A:2�*�8 T 8<.J2�xa2a4�k

)+4 T .D2 T 8G*�4J9�>s*-,P,�.1032�g:* T 4m=
(i, j)

d�9C4
1 ≤ i < j ≤ k

Q�*-8:o+,{*�A32a,�.1032an
1
Q
2
Q
. . .

Q 1
2
k(k − 1)

d}4J9Cn ,}2 d{.w.J94 T xa0�.�k�C9C4
i ∈ {1

Q
. . .

Q
k} Q�,h2 . xi

A32�.1032
g:4J93o<;RIJ.]9<d�*a,{,3.1032�g:4 T nE2-=

pn
d�9C4�>r0 T I70

n
T =?.1032�,h*�A:2 ,�9<d�*rg3* T 4?I19C8<.m* T 8 T 8:x

i
k

U�d
i
Q
j ∈ {1

Q
. . .

Q
k} > T .10

i < j
Q-.1032a8

xi
*-8:o

xj
0C* � 2B.1032�I19Cn�nL9C8rd}*�IJ.D9C4

pr
QR>r032a4J2

r
T =B.1032�,{*�A32a,69<d�.1032�g:* T 4

(i, j)
��.10<;:= Q

xi
*-8:o

xj
*-4J2�8:9�.|I19Cg34 T nL23k

�]8�.1032p9�.1032a4]0C*�8:o�Q
pr

o T/�<T o32-=B8:9C8:2c9<d�.1032c9�.1032-4z8C;:nEA:2a4m=
x1

Q
. . .

Q
xk

�<.10<;:= Q
*�8�[p.10C4J2-2r9<dR.1032a=X2�8C;:nLA32-4m=�*-4J2rID9Cg:4 T nE2:k

\�A�jz¡|9�Q�.1032a4J2 T =]8:9 T 8C�:8 T .J2@=X2�.?=7*a. T =7dP[ T 8:xB.1032rID9C8:o T . T 9C8~k
e?=�=1;:nL2<QRd�9C4]*�I19C8<.D4m*�o T IJ. T 9C8�Q:.10C* . {x1

Q
x2

Q
. . . } T =w=1;RI70L*�8 T 8C�:8 T .J2p=�2 .�k

Z�032�8C;:nEA:2a4
x1

0C*�=r*L�R8 T .D2L8C;:nLA32-4@9<d?g:4 T nE2+o T/�<T =�9C4m=-kH�C9C4�* .�,h2-*-=1.�9C8:2�9<d
.1032-=�2�o T/�<T =�9C4m= Q]=�*�[

d
Q?>r2n�;:=D.�0C* � 2

gcd(x1, xj) = d
d�9C4 T 8C�:8 T .J2a, [vnE*-8�[

j
\}A:2-ID*a;:=X2

x1
T =�8:9�.rI19Cg34 T nL2E> T .10H*-8�[v9<dz.1032G9�.1032-4

xj
=Dj7kV) T .1039<;C.@,h9C=�=p9<d

xa2-8:2a4m*-, T .W[�Q3>r2c*�=7=7;:nE2@.10C*a.
d = gcd(x1, x2) = gcd(x1, x3)

k@U}.]d�9<,{,h9�>@=�.10C* .
gcd(x1, x2, x3) = d > 1

Q:>r0 T I70+ID9C8<.D4m*�o T IJ.m=B.1032�I19C8:o T . T 9C8L.10C* .B*-8�[L.10C4J2-2�9<d
.1032

xi
=]*�4J2@I19Cg34 T nL23k
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 :4J9 � 2y.10C*a.�*z4 T xa0�.1q1*�8:x�,h2�o�.D4 T *�8:x�,h2zID*-8�A:2 T 83=�I14 T A:2-o T 8B.1032?g3*�4m*�A:9<,{*

y = x2
=�9".10C* . T .J=�0�[3g:9�.D2a8C;:=X2 T =�g3*�4m*a,{,h2a,f.D9".1032

x
��*`u T = T d�*�8:ov9C8C, [ T d].1032

*-,/. T .J;Ro32Hd}4J9Cn .1032H4 T xa0�.E*�8:x�,h2 T =+2-�C;:*a,w.J9
1
k \/e#.D4 T *-8:x�,}2 T = T 83=�I14 T A:2-o T 8�*

g:*-4m*�A39<,h* T d�*a,{,3.10C4J2-2 � 2-4b. T ID2-=�9<dR.1032|.D4 T *�8:x�,h2@*-4J2r9C8p.1032�g:*-4m*�A39<,h*:k j
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±-2 .
ABC

A:2@*�.D4 T *-8:x�,}2|> T .10
∠A = 90◦ Q3g3,{*�ID2�o�=�9c.10C*a.y.1032c0�[CgR9�.J2-8C;:=�2

BC
T =@g:*-4m*-,P,}2 ,6.J9+.1032

x
q7*`u T =@*-8:oG.1032 � 2a4m. T I12a=

B
*-8:o

C
, T 2�9C8G.1032Eg:*-4m*�A39<,h*

y = x2
k��a;:g3gR9C=�2r.10C* .z.1032�I1939C4Jo T 83* .D2a=|9<d

B
*�4J2

(b, b2)
Q3>r032a4J2

b > 0
k|Z�032-8

.1032rI1939C4Jo T 83* .D2a=�9<d
C

*-4J2
(−b, b2)

k]±-2 .
(x0, y0)

A:2|.1032rID939C4Jo T 83*a.J2-=�9<d
A
k

¡|9�.J2w.10C*a. −→
AB = [b − x0, b2 − y0]

*-8:o −→
AC = [−b − x0, b2 − y0]

k6� T 8:ID2
∠A = 90◦ Q->r2r0C* � 2 −→

AB · −→
AC = 0

��.10C* . T =�Q

x2
0 − b2 + (b2 − y0)

2 = 0
k \WK`j

U�d 4ABC
T = T 83=�I14 T A:2-o T 8_.1032"g:*-4m*�A39<,h*

y = x2 Qz.1032-8 A
, T 2-=E9C8v.1032

g:*-4m*�A39<,h*CQc>r0 T I70 T nEgC, T 2-=.10C* .
y0 = x2

0

k Z�0 T =�Qp.J93xa2 .1032a4�> T .10�\�K�j1Q�x T � 2-=
y0 − b2 + (b2 − y0)

2 = 0
Q39C4

(b2 − y0)(b
2 − y0 − 1) = 0

ky� T 8:ID2
b2 6= y0

Q->r2
93A<.m* T 8

b2 − y0 = 1
Q�>r0 T I70�nL2a*�83=?.10C*a.y.1032�*-,/. T .J;Ro32�d}4J9Cn

A
T =�2-�C;:*a,:.D9

1
k

��9C8 � 2a4m=X2 ,/[�Q T d?.1032+*-,/. T .J;Ro32�d}4J9Cn
A

T =�2-�C;:*a,f.D9
1
Qy.1032a8

b2 − y0 = 1
k

��2 .m. T 8:x
b2 = y0 + 1

T 8G\WK`j1Q:>r2�93A<.m* T 8
x2

0 − (y0 + 1) + 1 = 0
Q~9C4

y0 = x2
0

k
Z�0<;:=�Q

A
, T 2a=�9C8p.1032@g3*�4m*�A:9<,{*r*-8:o 4ABC

T = T 83=XI14 T A32�o T 8p.1032@g3*�4m*�A:9<,{*Rk
� k

(
! 2���� 
�¼

)
Z�032�o T *�xa9C83*-,{=

A1A4
Q
A2A5

Q�*-8:o
A3A6

9<d�.1032�ID9C8 � 27uE0321u-*�xa9C8
A1A2A3A4A5A6

nE2�2�.w*a.w*EgR9 T 8<.
K

kE´ T/� 2a8+.10C* .
A2A1 = A2A3 = A2K

Q
A4A3 = A4A5 = A4K

Qa*-8:o
A6A5 = A6A1 = A6K

Qag34J9 � 2?.10C* .�.1032�0321u-*�xa9C8
T =�I�[CID, T I k
����	�
������� � �� ������$)�	� ��2�/ ��� �=�?	�	0�)�<� � � ���6�b» � � �<� ��2

)G2��R4m=D.H93A3=�2-4 � 2�.10C* .
A2A4

T =�.1032
gR2a4Dg:2-8:o T ID;3,{*�4+A T =X2-IJ.D9C4�9<d

KA3
Q

A4A6
T =

.1032�g:2-4JgR2a8:o T ID;3,h*-4�A T =X2-IJ.D9C4"9<d
KA5

Q�*-8:o
A6A2

T =	.1032 g:2-4JgR2a8:o T ID;3,h*-4&A T =�2�IJ.J9C4#9<d
KA1

kv±-2�.w.1032�g:9 T 8<.m=r* .w>r0 T I70G.1032a=X2Lg:2-4Dq
gR2a8:o T ID;3,h*-4|A T =�2�IJ. T 9C83=�93I1ID;:4wA32�o32-8:9�.J2�oGA-[
P
Q
Q
QC*-8:o

R
QC4J2a=�g:2�IJ. T � 2a, [~k�Z�032-8

4A2PA3
∼= 4A2PK ∼ 4A6QK

k
Z�0<;:=�Q

∠A3A6A4 = ∠A5A2A4 = ∠A3A2A4
k
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[ABC] = 1
2
BA · BC sin ∠ABC = 2AD · CD sin ∠ADC = 4[ACD]

�
.10<;:= Q

[ABC] = 4
5
[ABCD]

k \WK`j
¡|9�>�Q

[ABCD] = [ABD] + [DCB] = 1
2
AB · AD sin α + 1

2
CB · CD sin α

=
(
AD2 + CD2

)
sin α
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d2 = AD2 + CD2 − 2AD · CD cos ∠ADC*�8:o�*a,h=�9
d2 = AB2 + BC2 − 2AB · BC cos ∠ABC

= 4AD2 + 4CD2 + 8DA · DC cos ∠ADC
Q
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.10 T = T n�nL2-o T *a.J2a, [r[ T 2a,ho3=

[ABC] = 4
5

· 5
8
d2 · sin α = 1

2
d2 sin α
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�'�#�F���������p�����1�4�����a§p���©¨2�#� XH�4]�bHª � X�«�bH¬ �a���8�ma® ] ® b � X1«a\L¯�X
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� �'243

&I3 / &
ax + ay + az

 � /9-�,$0�$4, 2!&+�('�� /)0�, : A.3 ,$0�,
a
 � / (  (?& , E ,$0</ (">

a > 1
M C , (?#'& , � & 3 / &&I3 ,$0�,�/�0�,  ( � (; �& , % B 5 / ( B � / � , �

a
$ # 0 A.3; �243 �$#�%4�;&  I#)(�� ,��  �$&=M C<,.-"0 # 6  I> , ��&4A # ,��)/�5N- % , ���

x = 0
:

y = z = 1 (
& 3 , ,���-"0�, ���! I#)(

2a + 1
 � / -�,$0�$4, 2!&�('�� /�0�, $ # 0  ( � (; �& , % BG5 / ( B

a)
: / (?>

x = 0
:

y = z = 2 (
& 3 , ,���-"0�, ���! �#)(

2a2 + 1
 � /N-�,$0�$4, 2�&K�('�� /�0�,�$ # 0  ( � (' I& , % B 5 / ( B

a
: $ 0 # 5 &I3 , � , % %

��'�� / &  �#)(
b2 − 2a2 = 1)
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� ���O������	��4�O�	�4���#� 4ABC

����
��a�W���������a�
α
b
β
b ����§

γ
� � �%�p�%���U�F�����4�

BC
b

CA
b ����§

AB
b ���a�8�1�a������	��/�� X ���L�����a�8� �%���?�p�������_��� ����§_�_���a���p����	#�4���1�4�E�#�

(cos α cos β cos γ)2 + (sin α sin β sin γ)2

��� �����������������E�#�
p = cos A cos B cos C

X

� g v ����q£gLx l�n_��sHjWhzf8g4h!g�i�j/f=X
�a�/�

X = (cos α cos β cos γ)2 + (sin α sin β sin γ)2
b ����§ ���/� −→

U
��� �

���������8�4����	����������S���p�%��� ���O������	��4�O�	�4� X �a�/�
A
b
B
b �a��§

C
��� �%���©���O���4�#���a§����������a�

∠(
−→
AB,

−→
AC)

b
∠(

−−→
BC,

−→
BA)

b �a��§
∠(

−→
CA,

−−→
CB)

b ���a�8�1�a������	��/�� b �a��§U���/�
x
b
y
b �a��§

z���W�%���G�������a�#����§©���������a�
∠(

−−→
BC,

−→
U )

b
∠(

−→
CA,

−→
U )

b ����§
∠(

−→
AB,

−→
U )

b ���a�8�1�a������	��/�� Xª �L����%���4� b �m��§#�����
2π

b �%����	#�a�F�1� �#�
x
��� ���U�%���G�	�/� {α, −α, π − α, α − π}

b �	�
�%���4�

cos2 α = cos2 x
����§

sin2 α = sin2 x
X ª ��� b ���/�a���_�m��§#�����

2π
b �U�?����	��

y = ∠(
−→
CA,

−−→
BC) + ∠(

−−→
BC,

−→
U ) = x + C + π����§

z = ∠(
−→
AB,

−−→
BC) + ∠(

−−→
BC,

−→
U ) = x + π − B

X
�z�#��� b

X = cos2 x cos2(x + C) cos2(x − B) + sin2 x sin2(x + C) sin2(x − B)

= 1
8
(1 + cos 2x)[cos(2x + C − B) − cos A]2

+ 1
8
(1 − cos 2x)[cos(2x + C − B) + cos A]2

= 1
4
cos2(2x + C − B) + 1

4
cos2 A

− 1
2
cos 2x cos(2x + C − B) cos A

= 1
8
[1 + cos(4x + 2C − 2B)] + 1

4
cos2 A

− 1
4
cos A[cos(4x + C − B) + cos(C − B)]

= 1
8
cos(4x + 2C − 2B) − 1

4
cos A cos(4x + C − B)

+ 1
8

+ 1
4
cos A[cos A − cos(C − B)]

X
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��= T 8:xE.1032G2-*-=m[:qJ.D93q1g:4J9 � 2+4J2a,{*a. T 9C8
cos A − cos(C − B) = −2 cos B cos C

Q
>r2r93A�.J* T 8

8X = cos(4x + 2C − 2B) − 2 cos A cos(4x + C − B) + 1 − 4p

= M cos 4x + N sin 4x + 1 − 4p
Q

>r032-4J2
M = cos(2C − 2B) − 2 cos A cos(C − B)*�8:o
N = 2 cos A sin(C − B) − sin(2C − 2B)

k
)G2r2a*�= T , [p�:8:op.10C*a.

M2 + N2 = 1 − 8p
k�Z�032a8

8X =
√

1 − 8p cos(4x + ϕ) + 1 − 4p
Q

d�9C4?=�9CnL2
ϕ
kzU}.fd�9<,P,}9�>@= T n�nL2-o T *a.J2a, [p.10C* .y.1032@n T 8 T n�;:n&*-8:o�nE*`u T n�;:n � *-,P;R2-=

9<d
X

*�4J2 1
8
(1 − 4p − √

1 − 8p)
*�8:o 1

8
(1 − 4p +

√
1 − 8p)

QC4J2a=�g:2�IJ. T � 2a, [~k
& � ������U�d 4ABC

T =�2��<; T ,{*a.J2-4m*a,�Q�.1032a8
p = 1

8

Q~*-8:o�.1032-4J2 d�9C4J2CQ�.1032 � *a,{;R2
9<d

X
T = T 8:o:2agR2a8:o:2a8<.E9<dB.1032.D4m*-83= � 2-4m=7*-,B*�8:o�I19C83=D.J*-8<.J,/[�2��<;:*-,].D9 1
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k�Z�0 T =
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 / B �! �> , :�L���: � F$��� / (?> ����� ��� ��Ma� J J�:� � I#�% / � (; 6�,$0 �! �& B :# / @  0�/ > / :	�)�K: � F�� M

QSR V��?XZYO[�\�\L]_^a`�]L[�bL`�]4`Lced1f8g4h!g�i�j�kml�nporq,y�sHj v w u � u q vFv j=|2~!g1��j�x�|��Lf u xHy%jLX
�L����§_�4���1�����8� ����	�� ���4�a�1�����m���a�O�

a
�8�1�8�©�%���4�

(√
a + 3

) 1
5 +

(√
5 − 2

) 1
3 =

(√
a − 3

) 1
5 +

(√
5 + 2

) 1
3

X

� gL�Ah!g�i8q,�,j�g�� i8q��pq v�u fGi�g v ����q,gLx�iml�nrwHfOq u x����Ew�j u i v j�n4| d1f8j=i4l�n��£j/fOq u x � g v�v j
	#j�|
� v q�x �£gLx�| ��� |�� � ¢� u xzk � s�q h � ��f'��q�i	| orq�i8i/g1�afOq � g1����sHj/f�x � � u �,j���x#q,}aj�fOi%q���na|
� g4h v q�x�|!o���|�� � ¢ �

� �/�
α =

√
5 + 1

2

�a��§
β =

√
5 − 1

2

X �H���a�
α − β = αβ = 1

X � �������

α3 =
√

5 + 2
����§

β3 =
√

5 − 2
b �U�?����	�� (√

5 + 2
) 1

3 − (√
5 − 2

) 1
3 = 1

X �a���
x =

(√
a − 3

) 1
5

X �H���a�A�%���U��� 	��a�����#���4�����������a�%�����a�

(x5 + 6)
1
5 = x + 1

X � ��
� �������

x5 + 6 =
√

a + 3 > 3
b �U�?����	��

x + 1 > 1 � �U���a�����
b
x > 0

X
���#���4������� � �� ������#����	#�4���4�#� ���

x5 + 6 = (x + 1)5
X � �����a��§������©�a��§¡�%��� �

���F��� #����� ����	��4�
x4 + 2x3 + 2x2 + x − 1 = 0 � �%���4� ���

b

(x2 + x + α)(x2 + x − β) = 0
X
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��,h2-*-4J, [�Q
x2 + x + α

0C*�=w8:9E4J2a*-,�4J939�.m= Q:= T 8:I12
1 − 4α < 0

kBZ�032p9C8C,/[EgR9C= T . T � 2
4J939�.z9<d

x2 + x − β
T =

x =
−1 +

√
1 + 4β

2
=

−1 +
√

2
√

5 − 1

2

Q
>r0 T I70p,}2a*�oC=?.D9r.1032r9C8C,/[�=�9<,{;C. T 9C8X�

a = (x5 + 3)2 =



(

−1 +
√

2
√

5 − 1

2

)5

+ 3




2

=
7 + 5

√
5

2

k
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 ,$5  � / ("> C , ���.E /;6), & 3 , / ('��A ,$0./ �
a = 9 +

(
1+

√
5

2

)−5 :�A.3; % ,DC #;A /)0 > / (?> 1 #)3�('�$#)(
E /;6),

a = 9 +
(

−1+
√

5
2

)5 M

QSR VWR©X Y�[a\L\�] ^ `�]L[�b`�]4`Lc d1f%g4h!g�i/jak lLn ~!g�	�j�f�� u f�xzg��Si���q�| ¢ x 	�j v g � � u �£j��x#q,}aj�fOi%q���na| � u x ¢ x 	�j v g�|	��
 |�� � ¢ X
� ����� �%���/������� 	��a� ����#���a�4�a�

n ≥ 2
b �%�����a�����/�������

xn + x−n = 1 + x�����S�U�����L�2���A�%���G���#���a� 	#�4� (
1, 1 +

1

n

) X

� g v ����q£gLx l�n_wHfOq u x � � w�j u i v j�n4|2d1f8j=i4l�n��£j/fOq u x � g vFv j�	�j=| � v q�xz�,gLx�| ��� | � � ¢ �
�a�/�

f(x) = xn + x−n − x − 1
X �����O�����U� �'����� �%���4�

f
(
1 + 1

n

)
> 0

X �����
n = 2

b �U�A����	��
f
(
1 + 1

2

)
= 7

36

X �#���
n ≥ 3

b �%������������p���4�H�z���a�����a� ���_���F���4�
�%���4�
(
1 +

1

n

)n

> 1 + n

(
1

n

)
+

n(n − 1)

2
· 1

n2
= 2 +

n − 1

2n
≥ 2 +

1

n
�

�%�#��� b
f
(
1 + 1

n

)
>
(
1 + 1

n

)n − (
1 + 1

n

)− 1 > 0
X

ª � �a� b �U�?���/�
g(x) = xnf(x) = x2n − xn+1 − xn + 1

X �z���4�m� � ����4����
��� 	��4���F� A�%���/�

g(x) = (x − 1)h(x)
b �U���a���

h(x) = x2n−1 +x2n−2 + · · ·+xn+2 +xn+1 − xn−1 − xn−2 − · · · − x −1
X

� �������
f
(
1 + 1

n

)
> 0

b �U�?§��a§��1��� �%���/�
g
(
1 + 1

n

)
> 0

�a��§
h
(
1 + 1

n

)
> 0

X
�����

h(1) = n − 1 − n = −1 < 0 � �%�#���
b �%��� ¦ �#���a���m�a§����4���©¨��a�F�1�p�H���������4�

���_���F���4�S�%���4� �%���a���©� �a�������
r ∈ (

1, 1 + 1
n

) �8�1�8�p�%���/�
h(r) = 0

X¦ � �%���a�����#�F�����?�
�%���4�

f(r) = 0
X
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 M���H����
1 J C L F'JL+:  ,$/;6),$0 &�#)(': J �?: � F��	�&�	� � ���+�+H �� � : C #)(;E���#)('E : �'3; ( / � F$����'@ @ ��'H �KH *�;:
�$&=�;> , (?& :'F /�0�/ � ,�6 #%�"#�% % , E , :'F /�0�/ � ,�6 #�:� �#)��(; / / (?> C<,$0 ) , E'# 6  ( / � 1 J!� .F � C �JKF� #� ��8":  / B �! �> , :�L���:� F��	���(� C � � C H��	
 � 'J.J ���!:�F;#��'& 3 ,$/ �$& @  ���$#�� 0  KF'& / & , � (; 6�,$0 �! �& B :�� / -�, 8" 0�/�0 > ,$/ � : @  ���$#�� 0  :� F��	�#����� ��� ��M��DJ.J�:� � �#�% / � (' 6),$0 �! I& B :# / @  0�/ > / :��)��: � F$��� / (?> & 3 ,.-"0 # - #)� ,$0 M@ #)�$&��$#�% 6),$0 � ��� , ><&I3 , $ / 2�& � & 3 / &

f(1) = 0
/ (">
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b
b
b �a��§
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������ ?�1���%�F��� 	��W���a�4�����������4�O� b ����§?���/�

p
���W�Z���4�a�#�����m���a�

�8�1�8�©�%���4�
0 < p < 1

X
� � ��
���� 	��Z�%���/�

a

(b + c)p
+

b

(c + a)p
+

c

(a + b)p
≥ 1

2p

(
a1−p + b1−p + c1−p

) X

� ���	
���� 	��Z�%���/� b ���
p = 1/3

b �%���a�

a

(a + b)p
+

b

(b + c)p
+

c

(c + a)p
≥ 1

2p

(
a1−p + b1−p + c1−p

) X

� � � ? 
���� 	��?��� §����	����� 	��

a√
a + b

+
b√

b + c
+

c√
c + a

≥ 1√
2

(√
a +

√
b +

√
c
) X
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a + b + c = 1
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a

(1 − a)p
+

b

(1 − b)p
+

c

(1 − c)p
≥ 1

2p

(
a1−p + b1−p + c1−p

) X

� �F���#���W�����	�G�#� �4�4���a�O�4��� �  b �U�p��������8�8�����©�%���4�
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1

1 − a
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a

(1 − a)p
+

b

(1 − b)p
+

c

(1 − c)p

≥ a + b + c

3

[
1

(1 − a)p
+

1

(1 − b)p
+

1

(1 − c)p

]

≥ 1
(
(1 − a)(1 − b)(1 − c)

)p/3
≥ 1

[
1 − a + 1 − b + 1 − c

3

]p =
3p

2p
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a1−p + b1−p + c1−p ≤ 3p k±-2 .

f(x) = x1−p kf� T 8:I12 f ′′(x) = −p(1 − p)x−p−1 *-8:o
0 < p < 1

Q�>r2
=X2-2�.10C* .

f ′′(x) < 0
d�9C4

0 < x < 1
kzl@2a8:I12<Q

f
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a1−p + b1−p + c1−p ≤ 3f

(
1
3
(a + b + c)

)
= 3f

(
1
3

)
= 3p k
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�� $ � ���*� � .�� � �������=�+�(��� �
·1����$ �����-����»6��� � ��� � ������!�6� �k

)G2|> T ,{,3�R4m=D.?g:4J9 � 2�.10C* .XQ<d�9C4?*a,{,
x > 0

Q�.1032�d�9<,{,h9�> T 8:x T 8:2��<;:*-, T .W[E039<,ho3=
4x3 3

√
2

3
√

x3 + 1
≥ 5x2 − 1

k \WK`j
Z�0 T = T 8:2��<;:*-, T .W[ T =?.D4 T �CT *-, T d

x ≤ 1/
√

5
k?�C9C4

x > 1/
√

5
QCo:2 �R8:2

f(x) =
128x9

(x3 + 1)(5x2 − 1)3
k

 :4J9 �<T 8:x T 8:2-�C;:*a, T .�[�\WK`j T =�2-�C; T � *-,h2-8<.y.J9�=X039�> T 8:xw.10C*a.
f(x) ≥ 1

k�)G2@I19Cn�g3;C.J2

f ′(x) =
384x8(1 − x)(2x2 − 3x − 3)

(x3 + 1)2(5x2 − 1)4
Q

d}4J9Cns>r0 T I70p>r2c=�2�2�.10C*a.
f ′(x) > 0

d�9C4
1 < x < 1

4

(
3 +

√
33
) *-8:o

f ′(x) < 0d�9C4
1/

√
5 < x < 1

*-8:o�d�9C4
x > 1

4

(
3 +

√
33
) k�Z�0<;:=�Q

f(x) ≥ min
{

f(1)
Q

lim
x→∞

f(x)
}

= min
{
1
Q 128
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}
= 1

d�9C4?*a,{,
x > 1/

√
5
k�Z�032-4J2 d�9C4J2CQ T 8:2-�C;:*a, T .�[�\WK`jy039<,}oC=]d�9C4f*a,{,

x > 0
k
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x
T 8E\WK`jyA-[

3
√

a/b
Q

3
√

b/c
QC*-8:o

3
√

c/a
T 8p.J;:4J8p[ T 2 ,}oC= �

a 3
√

2
3
√

a + b
≥ 5a

2
3 − b

2
3

4

Q b 3
√

2
3
√

b + c
≥ 5b

2
3 − c

2
3

4

Q c 3
√

2
3
√

c + a
≥ 5c

2
3 − a

2
3

4

k
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a = b = c
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U�d<>r2B=�2 .
a = x2 Q b = y2 Q�*-8:o c = z2 Qa.1032wg34J9CgR9C=�2�o T 8:2-�C;:*a, T .�[rA:2-I19CnE2-=

∑
� ����� � �

x2

√
x2 + y2

≥ x + y + z√
2

k

µC[�=��C;:*-4 T 8:x@A39�.10�= T o:2a= Q->r2rIJ*�8�4J2`>@4 T .D2|.1032 T 8:2��<;:*-, T .W[�*-=
∑
� ����� � �

x4

x2 + y2
+ 2

∑
� ����� � �

x2y2

√
(x2 + y2)(y2 + z2)

≥ (x + y + z)2

2

k

µC[p.1032#?�2-*-4D4m*-8:xa2-nE2-8<.BUW8:2-�C;:*a, T .�[�Q
∑
� ����� � �

x2y2

√
(x2 + y2)(y2 + z2)

=
∑
� ����� � �

x2y2

√
x2 + y2

· 1√
y2 + z2

≥
∑
� ����� � �

x2y2

√
x2 + y2

· 1√
x2 + y2

=
∑
� ����� � �

x2y2

x2 + y2

k

Z�0<;:=�Q T .?=1; � ID2-=?.D9�g34J9 � 2�.10C* .
∑
� ����� � �

x4

x2 + y2
+ 2

∑
� ����� � �

x2y2

x2 + y2
≥ (x + y + z)2

2

k \W�`j

F_9C4J2�9 � 2-4�Q�>r2@93AC=X2a4 � 2�.10C* .
∑
� ����� � �

x4 − y4

x2 + y2
=

∑
� ����� � � (x

2 − y2) = 0
k

l@2a8:I12<Q
∑
� ����� � �

x4

x2 + y2
=

1

2

∑
� ����� � �

x4 + y4

x2 + y2

k
Z�032a4J2ad�9C4J2<Q T 8:2��<;:*-, T .W[E\W�`j T =]=1;RI1ID2-=7= T � 2a, [�2��<; T/� *a,}2a8<.y.D9

∑
� ����� � �

x4 + y4

x2 + y2
+
∑
� ����� � �

4x2y2

x2 + y2
≥ (x + y + z)2

Q

∑
� ����� � �

x2 + y2

2
+
∑
� ����� � �

2x2y2

x2 + y2
≥ 2

∑
� ����� � � xy

Q

∑
� ����� � �

(x − y)4

2(x2 + y2)
≥ 0

Q
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�
Ø ¡q²/¯$³_¬j¡O´|¦:¨�µ�¬&°�Ù*¤.²cÚ*«�³W«�¬
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Sn = � T d
n < 0

k
U�d

n = 0
Q�.1032a8

Sn = S0 = {±√
m : m ∈ � Q

m ≥ 0} k)G2?> T ,P,�8:9�>�o32 .J2-4Jn T 8:2].1032B8:9C8:q T 8<.J2�xa2a4~=X9<,P;C. T 9C83=69<d3\�K�jRd�9C4
n ≥ 1

kz±-2�.
sA:2�=1;RI70�*B=�9<,{;C. T 9C8�Qa*�8:o�,h2 .

k = bsc k�Z�032a8 {s} 6= 0
*-8:o

n{s} = {s2} ∈ [0, 1)
k

l@2a8:I12<Q
0 < n{s} < 1

*�8:o
k < s < k + (1/n)

k
D�
��� ��k

k ≥ 0
k

� T 8:ID2
s > k ≥ 0

Q�>r2E0C* � 2
s2 > k2 k�Z�032a8 bs2c = k2 + m

d�9C4w=X9CnE2
T 8<.J2�xa2a4

m ≥ 0
QC*-8:o

(
k + {s})2 = s2 = k2 + m + {s2} = k2 + m + n{s} k

Z�0<;:=�Q�>r2]=�2�2f.10C*a. {s} T =�*�=X9<,P;C. T 9C8w.J9B.1032B�<;:*�oC4m*a. T I�2��<;:*a. T 9C8
p(x) = 0

Q`>r032a4J2
p(x) = x2 + (2k − n)x − m

kz¡|9�.J2�.10C* .
m 6= 0

\h= T 8:I12 {s} T =�8:9�.f*�8 T 8<.J2�xa2a4bj
*�8:op.10C* . {s} T =?.1032�;:8 T �C;R2@gR9C= T . T � 2�=�9<,{;C. T 9C8p.J9

p(x) = 0
QC83*-nL2 ,/[�Q

{s} = 1
2

(
n − 2k +

√
(2k − n)2 + 4m

) k
Z�032a8

s = 1
2

(
n +

√
(2k − n)2 + 4m

) k
� T 8:ID2

0 < {s} < 1/n
Q6*�8:o= T 8:I12

p(0) = −m < 0
*-8:o

p
({s}) = 0

Q
>r2+n�;:=D.c0C* � 2

p(1/n) > 0
Q6>r0 T I70[ T 2 ,}oC=

m + 1 < (2kn + 1)/n2 kvZ�032-8
m + 1 ≤ b2k/nc Q:A32�IJ*-;:=�2 T d

n > 1
Q<.1032a8

⌊
2kn + 1

n2

⌋
=

⌊
b2k + (1/n)c

n

⌋
=
⌊
2k

n

⌋ Q
*�8:o T d

n = 1
Qy.1032-8

(2kn + 1)/n2 = 2k + 1 = b2k/nc + 1
kvZ�032-4J2 d�9C4J2CQ

m ∈ {1
Q
2
Q
. . .

Q b2k/nc − 1} k6Z�032-8 b2k/nc − 1 ≥ 1
�->r032a8:I12<Q

k ≥ n
k

��9C8 � 2a4m=X2 ,/[�Q6,h2 .
s = k + αm

Q�>r032a4J2
k

T =r*-8 T 8<.D2-xa2-4B> T .10
k ≥ n

*-8:o
αm = 1

2

(
n − 2k +

√
(2k − n)2 + 4m

) d�9C4
m ∈ {1

Q
2
Q
. . .

Q b2k/nc − 1} kZ�032a8L9C8:2@ID*-8 � 2a4 T dP[p.10C* .
αm ∈ (0, 1/n)

kzUW8�*�o3o T . T 9C8�Q
s2 = k2 + α2

m + 2kαm = k2 + m + nαm
�

>r032-8:ID2CQ {s2} = nαm = n{s} *-8:o
s
T =]*@=X9<,P;C. T 9C8�9<d�\�K�j�k

Z�0<;:=�Q<.1032r8:9C8:q T 8<.J2�x 4m*a,�gR9C= T . T � 2@=�9<,{;C. T 9C83=z.J9�\WK`jy*�4J2�.1032@8C;:nEA:2a4m=w9<d�.1032
d�9C4Dn 1

2

(
n+

√
(2k − n)2 + 4m

) d�9C4
k ≥ n

*�8:o
m ∈ {1

Q
2
Q
. . .

Q b2k/nc−1} kD�
��� �:k
k ≤ −1

k
� T 4m=1.�>r2G*-=�=1;:nL2�.10C* .

n > 1
k�� T 8:ID2

k < s < k + (1/n)
Q?>r2G0C* � 2

s2 = k2 − m + {s2} Q3>r032a4J2
m ∈ {1

Q
2
Q
. . .

Q −b2k/nc} k�e?= T 8+��*�=�2�KCQ {s}n�;:=D.cA32G*G=�9<,{;C. T 9C8_9<d?.1032�<;:*�oC4m*a. T Ip2��<;:*a. T 9C8
x2 + (2k − n)x + m = 0

k
� T 8:ID2

0 < {s} < 1/n
Q:>r2�n�;:=1.B0C* � 2

m < 1 − (2k/n) − (1/n2)
Q�9C4w\h= T 8:I12

(2kn + 1)/n2 T =]8:9�.?*-8 T 8<.J2�xa2a4bjDQ

m ≤ 1 +

⌊
−2k + 1/n

n

⌋
= 1 +

⌊−2k − 1

n

⌋ k
)G2@8:9�.D2|.10C*a. {s} T =z.1032@=7nE*a,{,h2-=D.?=�9<,{;C. T 9C8p.J9c.1032r�C;:*�o34m* . T I�2-�C;:* . T 9C8~kzl�2-8:ID2CQ
{s} = 1

2

(
n − 2k −

√
(n − 2k)2 − 4m

) *�8:o
s = 1

2

(
n −

√
(n − 2k)2 − 4m

) k
��9C8 � 2a4m=X2 ,/[�Q T .zIJ*�8EA32rI7032-I7Y�2�op.10C* .?=7;RI70�*r8C;:nEA:2a4 T =]*@=X9<,P;C. T 9C8c.J9�\WK`j�k



³�³3�

Z�0<;:=�Q T d
n > 1

Q�.1032E8:2-x *a. T � 2E8:9C8:q T 8<.J2�xa2a4|=X9<,P;C. T 9C83=�9<d?\WK`j�*�4J2p.1032E4J2a*-,
8C;:nLA32-4m= 1

2

(
n−

√
(n − 2k)2 − 4m

) d�9C4
m ∈ {1

Q
2
Q
. . .

Q
1+ b(−2k −1)/nc}*�8:o

k ≤ −1
k

U�d
n = 1

Q�>r2��R8:o T 8�*r= T n T ,{*�4fn�*�838:2a4y.10C*a.y.1032@8:2-x *a. T � 2@=�9<,{;C. T 9C83=�9<d�\WK`j
*�4J2 1

2

(
1−

√
(1 − 2k)2 − 4m

) Q�>r032-4J2
m ∈ {1

Q
2
Q
. . .

Q −2k−1} *�8:o
k ≤ −1

k
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QSR V��GX � �4�����L���a���a�#� X¡Y�[a\L\#�¡^#`�\�b1`�`#c d1f%g4h!g�i/jak l�n � s u ��x ( s#q��£j�|�i/����k�j�x ��|
� q�xHy%j�x ��o u i	i�j�n � jay%gLxHk u f�n � y�sHg�g v | ( q�xHkLi/gLf�| ���©X

�a�/�
an

§��a���L���G�%��� ����� ���E§������F� �#�
(4n)(3n)(2n)nX �L����§_�4���1�����8� ����	��Z���#�����4�4�O�

n
�%�1�8�©�%���4� n∑

i=1

ai ≥ 4n
X

� g v ����q£gLx l�nporq,y�sHj v w u � u q vFv j=|2~!g1��j�x�|��Lf u xHy%jLX
� �?�	����� �%���/�2�%���U��� 	��a�p�����a�����4��� � _���#��§��E� �����a�#� �����

n = 5
X

¬ ��§������
10
b �U�¡����	��

4n ≡ 4
�U���a�

n ≡ 1
���

n ≡ 6
b
4n ≡ 8

�U���a�
n ≡ 2

���
n ≡ 7

b
4n ≡ 2

�U���a�
n ≡ 3

���
n ≡ 8

b
4n ≡ 6

�U���4�
n ≡ 4

���
n ≡ 9

b ����§
4n ≡ 0

�U���4�
n ≡ 0

���
n ≡ 5

X �H���A�1���U�4�O�G�#�
4
b
8
b
2
b
6
b
0
�����

����	��4������§������
10

��� ���#�������?� ^

• {4m}m≥1
��� �%���

2
�8���a�O����§#��� �	���#�1�a�����

4
b
6
b
. . .

• {8m}m≥1
��� �%���

4
�8���a�O����§#��� �	���#�1�a�����

8
b
4
b
2
b
6
b
. . .

• {2m}m≥1
��� �%���

4
�8���a�O����§#��� �	���#�1�a�����

2
b
4
b
8
b
6
b
. . .

• {6m}m≥1
�a��§ {0m}m≥1

�a���U�������%�O���#� �	���#�1�a�����a� X
� �©� ���4�8��� � b ��� ����§��a�Z���¤�������������

an

b �U��������r�����a§ ���¤§������4���p�����m�%���
	#�a�F�1�a�©�#�

(3n)(2n)n �m��§#�����
4
X ����� b �8�����%�

(2n)n ���U�a� �?����©� 	��4� b �F�Z���U�����4���
�%���4�

(3n)(2n)n ≡ 1 (mod 4)
���

(3n)(2n)n ≡ 0 (mod 4)
���%������§������m�a�

n
���

��§�§���� � 	��4� XS¦ � ��� �%���a���a�a��A�������L���4���A�%��� 	#�4���1�4�W�#�
an

b
Sn =

n∑
i=1

ai

b �a��§
4n

�����
n = 1

b
2
b
. . .

b
15
X �z��� _�a���U��� 	��a�p���A�%���G���#������� �����W�O�L�#��� ^

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
an 4 6 2 6 0 6 8 6 6 0 4 6 2 6 0
Sn 4 10 12 18 18 24 32 38 44 44 48 54 56 62 62
4n 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60

�z���S�	���#�1�a����� {an} ��� 10 �%�1�4������§������a��§
b �a� �%��� �O�L�#���S�	�����?� b �%���S�%��� �#�

ai� 	��4�
10

�%�����	��������� 	���	#�a�F�1�a� �#�
i
���

6+8+6+6+0+4+6+2+6+0 = 44
X

�z���4���4������� b ����� �a�F� ���#�����4�4�O�
k
����§

m
� � �%�

k ≥ 0
����§

m > 0
b �U�¡�'�a�m�%���/�

Sm+10k = Sm + 44k
X ¬ ��������	��a� b ������� �%���¡��������� b �U� �4���

Sm ≥ 4m
�����
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m ∈ {6
Q
7
Q
. . .

Q
15} kzU}.yd�9<,{,h9�>@=f.10C*a. T d

n ≥ 6
Q�.1032a8�Q3A-[r>@4 T . T 8:x

n = m + 10k> T .10
k ≥ 0

*�8:o
6 ≤ m ≤ 15

Q�>r2@0C* � 2

Sn = Sm+10k = Sm + 44k ≥ 4m + 44k ≥ 4m + 40k = 4n
k

)G2�*-,{=X9�=X2-2p.10C*a.
Sn ≥ 4n

d�9C4
n = 1

Q
2
Q
3
Q
4
*�8:o

S5 < 4 × 5
k�Z�032E4J2a=7;3,/.

d�9<,{,h9�>@=-k
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� j�| ��x#q,}aj�fOi%q���nGg���d v gaq£j�i/��q�|~�gL� u x�q u X
�a�/�

f(x)
��� � ��������������� ��� �a� ���#���a� 	#�4�

I
�U�#���8� ��������� 	�� �r�����

x ≥ a�����U�'�����
a ∈ I

X � �����1���	�¡�%���4�?�����U�4���
x1

b
x2

b
. . .

b
xn ∈ I

�U�#���8�¤�	�/�����%� 
x1 + x2 + · · · + xn = na

b �%��� ���#������� ������������#���a�F�F� ����#��§�� ^

f(x1) + f(x2) + · · · + f(xn)

n
≥ f

(
x1 + x2 + · · · + xn

n

) X


���� 	��©�%���4�E�%�#���G�	�a�m�A�������#���a�F�F�  ���#��§��Z�����W�a�F�
x1

b
x2

b
. . .

b
xn ∈ I

�8�1�8�m�%���/�
x1 + x2 + · · · + xn ≥ na

X

� g v ����q£gLx l�n_��sHjWhzf8g4h!g�i�j/f=X
� �����%��§��a� ��� 

b ∈ I
�%�1�8�A�%���4�

b > a
X �a���

x1

b
x2

b
. . .

b
xn ∈ I

�8�1�8�A�%���/�
x1 + x2 + · · · + xn = nb

X � �U����	��G���p������	��G�%���/�

f(x1) + f(x2) + · · · + f(xn) ≥ nf(b)
X � ��

� �F�%���#���©�����	���#�Z�4�4���a�O�4��� �  b �a�	�%���m���%���4�
x1 ≤ x2 ≤ · · · ≤ xn

Xe¦ �
x1 ≥ a

b �%���4� � ��E���������%��	�a���	�a��� � ¦ ���a�����4��� �  �����G����� 	�� �m����������������� X � �������
�8�����1���	�?�%���/�

x1 < a
X � �����%�

x1 + x2 + · · · + xn = nb > na
b �U�U�_�����E����	��

xn > a
X �z���4���S���!�'�����

k ∈ {1
b
2
b
. . .

b
n−1} �%�1�8�Z�%���/� xn−k < a ≤ xn−k+1

X
�S�������

d =
xn−k+1 + · · · + xn

k

�a��§
c =

na − (x1 + · · · + xn−k)

k

X

�z���4�
k(d − c) = (x1 + x2 + · · · + xn) − na = n(b − a)

b ��[ �
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>r0 T I70 T nEgC, T 2-=].10C* .
c < d

k�� T 8:ID2
x1 ≤ x2 ≤ · · · ≤ xn

*-8:o
xn−k < xn−k+1

Q
>r2r0C* � 2

b =
x1 + x2 + · · · + xn

n
<

xn−k+1 + · · · + xn

k
= d

k
� T 8:ID2

x1 ≤ x2 ≤ · · · ≤ xn−k < a
Q<>r2c0C* � 2 x1 + · · · + xn−k

n − k
< a

*�8:oL032-8:ID2
a < c

k6Z�0<;:=�Q
a < b < d

*�8:o
a < c < d

kzUW8L9�.1032a46>r9C4JoC= Q3A:9�.10
b
*�8:o

c
*-4J2 T 8

.1032 T 8<.J2-4 � *a,
(a, d)

k]¡w9�.D2|.10C*a.
f
T =�I19C8 � 21up9C8

[a, d]
k

ezI1ID9C4Jo T 8:x|.J9r5�2a83=X2a8 � =|UW8:2-�C;:*a, T .�[�d�9C4?I19C8 � 21urdh;:8:IJ. T 9C83= Q
f(xn−k+1) + · · · + f(xn) ≥ kf(d)

k \W�`j
�]8�.1032@9�.1032-4?0C*�8:o�Q:A-[c.1032rx T/� 2a8E0�[3g:9�.1032-= T =�Q�>r2@0C* � 2

f(x1) + · · · + f(xn−k) + kf

(
na − (x1 + · · · + xn−k)

k

)
≥ nf(a)

�
.10C*a. T = Q

f(x1) + · · · + f(xn−k) + kf(c) ≥ nf(a)
k \P³�j

ezo:o T 8:x�\W�`j6*�8:oE\P³�j1Q�>r2@xa2�.
f(x1) + f(x2) + · · · + f(xn) ≥ k

(
f(d) − f(c)

)
+ nf(a)

k
Z�0<;:=�Q3>r2pIJ*�8�g34J9 � 2p\�K�jzA-[L=�039�> T 8:x�.10C*a.

k
(
f(d) − f(c)

) ≥ n
(
f(b) − f(a)

) k
UW8 �<T 2`>�9<d�\���j1Q�.10 T = T =�2-�C; T � *-,h2-8<.y.D9

f(d) − f(c)

d − c
≥ f(b) − f(a)

b − a

k \W�`j
Z:9�g34J9 � 2�.10 T = T 8:2��<;:*-, T .W[�Q�>r2w> T ,{,Rg34J9 � 2|.10C*a.

f(d) − f(c)

d − c
≥ f(d) − f(a)

d − a
≥ f(b) − f(a)

b − a

k \�M�j
Z�032�,h2ad{. T 8:2-�C;:*a, T .�[ T 8E\}M j64J2-oC;RID2-=z.J9

(d − c)f(a) + (c − a)f(d) ≥ (d − a)f(c)
�

.10C*a. T = Q

(d − c)f(a) + (c − a)f(d) ≥ (
(d − c) + (c − a)

)
f

(
(d − c)a + (c − a)d

(d − c) + (c − a)

) Q
>r0 T I70 T =�.D4m;R2HA-[H5�2-83=�2-8 � =GUW8:2��<;:*-, T .W[�\}*-g:gC, T 2�o_.D9

f
9C8v.1032 T 8<.J2-4 � *a,

[a, d]
j�k

Z�032@4 T xa0�. T 8:2��<;:*-, T .W[ T 8�\�M�jy4J2-oC;RID2-=?.D9
(d − b)f(a) + (b − a)f(d) ≥ (d − a)f(b)

�
.10C*a. T = Q

(d − b)f(a) + (b − a)f(d) ≥ (
(d − b) + (b − a)

)
f

(
(d − b)a + (b − a)d

(d − b) + (b − a)

) Q
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�a�/�

ABCD
���G�G���������a� ������§��O�����4���a�O�4�#�U�#���8�U��� ���L�2� �����O�4�����4�����/�O��� X �a���

C′ �a��§ D′ ���©�%���_�����%�����4�����a������� �£�a�����������G���#�����%���©������� AB
�#���%���p���#���#�O�

C����§
D
b ���4�	��������� 	��4�  X �H���©���a���1�4��§����������a�O�W�������

C
���

AD
����§_�������

D
���

BC�m�a�/�U�4�
P � �%��� �1�4�����a��§#�����������O�A������� C′ ��� AD

����§¤�������
D′ ��� BC

�������
�4�

Q
X � ����� �%���/�

PQ
������a���1�4��§����������a� ���_�%���U�F�����?�%�����#�1�4�_�%���©�_��§��%�1�#���#����#�

AC
����§

BD
X

� g v ����q£gLxAl�n ¢ h!g�i4�£g v q�i���� �j/�pq�i	| � u f%} u ��j=q£g �q 	as � y�sHg�g v | ¢ ��sHj/x�i	|*6 f8jaj�y�j�| � q���s�pq�xHgLf ��g�k�q � y u ��q,gLx�i l�n_��szj?j�k�q,�,gLf=X
� �?�_� 
��G���'�?�#�1�%��� 
L�����?�A�%���������4� ^��gLf u x1n �,g1��fk�q�i/��q�xHy	� h!gaq�x ��i

U
|
V
|
X
| u xzk

Y
|	�ZjUs u }aj

XY ⊥ UV
q �

u xHkmgLx v nGq �
XU2 − XV 2 = Y U2 − Y V 2

X
�a�/�

M
�a��§

N
���G�%��� �_��§��%�1�#���#���E�#�

AC
����§

BD
b ���a�8�1�a������	��/�� X
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A

B

C

C′

D

D′
M

N

P

Q

�z���4�
QP ⊥ MN

�F� ����§m����� _�F�
QN2 − QM2 = PN2 − PM2

X�� �8�����
�%��� ¬ ��§#���a� �H���������4� �����E���������������a�

QBD
b
QAC

b
PBD

b �a��§
PAC

b �U���	���
�%���4�2�%�#���W�a�����/�������p���E���#����	#�4���4�#� ���
(
QB2 + QD2 − 1

2
BD2

)− (
QC2 + QA2 − 1

2
AC2

)

=
(
PB2 + PD2 − 1

2
BD2

)− (
PC2 + PA2 − 1

2
AC2

) �
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.10C*a. T = Q
(
QB2 − QC2

)
+
(
QD2 − QA2

)
= (PB2 − PC2) + (PD2 − PA2)

k
� T 8:ID2

QD′ ⊥ BC
Q
QC′ ⊥ AD

Q
PD ⊥ BC

Q�*-8:o
PC ⊥ AD

Q�.1032�*�A39 � 2 T =
2��<; T/� *a,}2a8<.f.J9
(D′B2 − D′C2) + (C′D2 − C′A2) = (DB2 − DC2) + (CD2 − CA2)

�
.10C*a. T = Q

C′D2 − (DB2 − D′B2) = D′C2 − (CA2 − C′A2)
k

� T 8:ID2 4D′BD
*�8:o 4C′AC

*�4J2E4 T xa0�.1q1*�8:x�,h2�o�Q�>r2EID*-8;:=�2�.1032 <[�.10C*�xa9C4J2a*�8
Z�032-9C4J2-n .J94J2`>@4 T .D2�.1032�,h*-=1.�2-�C;:* . T 9C8"*-=

C′D2 − D′D2 = D′C2 − C′C2
k

Z�032a8�Q�= T 8:ID2 4C′D′D
*-8:o 4C′D′C

*�4J2�4 T xa0�.1q7*-8:x�,}2-o�Q�>r2 93A�.J* T 8�.1032
2��<; T/� *a,}2a8<.]2-�C;:* . T 9C8

D′C′2 = D′C′2 Q�>r0 T I70 T =?.D4J;R23k
��% �$# �$#�% 6), > � B � ���.L��"HIF �?J  #�� �J�����J�F�� 
 J�: H!M  KM�� 5  %  �# �',$0=0�/)0  : 	 / % % / >�#�%  I>):<F -"/  ( �@ �.L � ��� #�'L<H � J�: *J�F��)� � �"H � � �	�KH : / (">%�'@ H�;H=J � ����L *�.L�
�� �$:�'#�E 0 #��(?#�:�F -"/  ( ��� C H � � � �!� H�F :@  ���$#�� 0  �F;#��'& 3 ,$0 (GF'& / & , � (; 6�,$0 �! �& B : 1 # - %  (':�@ J�: � F$��� 1 J C L�8�M C � � 	����?:K8 0�/ ("> , � 0�/  0  , :��  ������� C � � 1 �.L J � F : � 0 � � %  ( , (;E B�5 ( / �! 4� 5 :�HI('(��(� 0 �;2 � :;�����$& 0  / ��
 M ��H���� 1 J C L F�J�L+:� ,$/;6),$0 &�#)(':

J!�?: � F��	� 8���J ��� �	������M � �.L�
��  �: C�/)5 > , (;: ����: � F��	� 
 M 1 M F @ ���'L��?: � / %�& ��# 5 59, % : &I3 ,L , &I3 ,$0 % / (?> ���#����� ��� ��M��DJ.J�:� � �#�% / � (' 6),$0 �! I& B :# / @  0�/ > / :	�)��: � F$��� / (">G& 3 , -"0 # - #)� ,$0 MJK(;% B 
 ,$5  � / (?> & 3 ,+-"0 # - #)� ,$0 ��� , > - � 0�, % B E , # 59, & 0  I2.& , 2�3'(' *'�� , ��M%��3 , #'&I3 ,$0 �.�$#�% 6�, >G&I3 ,
-"0 #��)% ,$5 �)�! ('ED& 0  E;#)(?# 59, & 0=B / (">���# 0.6), 2!&4# 0 ��M

QSR VZV?X � �a�������%�4�m�4�#� XWY�[a\L\#�Z^  \ ® b L [4c d1f8g4h!g�i�j�k?l�n � g�iztj ���/q�i �t� u {��8w u f�f%j/f%g�|��x#q,}aj�fOi%q�� u �2d1g v q,���j�y�x#q,y u k�j � u � u4v ��x�n u |2w u f8y�j v gLx u | � h u q�x X
�a�/�

z1

b
z2

b
. . .

b
zn

���Z�%��� �8�4�����a�E�#�1�%���?�%���_����� �U�1�#� ������p���4�

A(z) = zn + an−1zn−1 + · · · + a1z + a0

b
�U���a���

a0 6= 0
X 
���� 	��Z�%���4�

det




n z1 z2 · · · zn

z1 1 + z2
1 1 · · · 1

z2 1 1 + z2
2 · · · 1

...
...

...
. . .

...
zn 1 1 · · · 1 + z2

n




= a2
1

X

� g v ����q£gLx lLn � g�iztj � � �Wq£jL�£g�| ��x#q,}aj�fOi%q,k u k k�j v ��� v q u |po u f u y u q,l�g�| � j�xzj	{/��j v�u |��g�k�q � j�k©i v q 	as � v nplLn_��sHjUjak�q��£gLf=X
ª �L���G�%���/�2�%���?�_�4���O� �?���A�%���?�����������a� �����/���4�m�4�#� �L��� 	��G���

A2
n

b �U���4���

An =




0 1 1 · · · 1
1 z1 0 · · · 0
1 0 z2 · · · 0
...

...
...

. . .
...

1 0 0 · · · zn




X



³�³C�

Z�032�o32 .J2-4Jn T 83*�8<. T 8L.1032�g34J93AC,h2-n T =
det

(
A2

n

)
= D2

n

Q:>r032a4J2
Dn = det(An)

k
�-u�g:*-8:o T 8:x

Dn
*a,}9C8:xw.1032�,h*-=1.f4J9�>�Q�>r2��R8:oc.10C*a.XQ<d�9C4

n ≥ 2
Q

Dn = (−1)n+2 det




1 1 1 · · · 1 1
z1 0 0 · · · 0 0
0 z2 0 · · · 0 0
0 0 z3 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · zn−1 0




+ (−1)2n+2znDn−1

= −z1z2 · · · zn−1 + znDn−1
k

� T 8:ID2
D1 = −1

QC*�8E2a*�=m[ T 8:oC;RIJ. T 9C8E=�039�>@=?.10C*a.

Dn = −
n∑

k=1

(z1z2 · · · ẑk · · · zn)
Q

>r032-4J2
ẑk

T 8:o T IJ*a.J2-=?.10C*a.y.1032�d}*�IJ.D9C4
zk

T =]n T =7= T 8:xCk�Z�032a8
Dn = (−1)na1

QC= T 8:I12
a1 = (−1)n−1

n∑
k=1

(z1z2 · · · ẑk · · · zn)
A-[ � T 2 .m* � =L�<9C4Dn�;3,h*:k�U}.rd�9<,P,}9�>@=r.10C* .

det
(
A2

n

)
= a2

1

k
¡|9�.J2�.10C* .y.1032rID9C8:o T . T 9C8

a0 6= 0
T =�=1;:gR2a4 �3;R9<;:=-k
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